We propose designs of silicon nitride (Si 3 N 4 ) waveguides with enhanced nonlinear parameter and engineered anomalous group velocity dispersion (GVD) by addition of tellurium oxide (TeO 2 ) top-coating layers of various thicknesses. The proposed waveguides have calculated nonlinear parameters of up to three times that of stoichiometric Si 3 N 4 and exhibit anomalous GVD at near infrared wavelengths. The GVD of such waveguides can be tuned between the normal and anomalous regime with different zero dispersion wavelengths by adjusting the thickness of TeO 2 coating. These designs offer promise of higher performance nonlinear devices on a standard low-loss Si 3 N 4 platform with the possibility of integration of active functionalities owing to higher solubility of rare earth dopants in tellurium oxide.
Introduction
Over the last several years nonlinear optical devices have shown great progress and promise for a wide range of applications in integrated photonics, including in areas such as all optical signal processing, ultra-low power all optical switching and quantum photonics [1] . Silicon nitride (Si 3 N 4 ) in particular has become a leading platform for development of various on-chip integrated nonlinear devices. The Si 3 N 4 platform offers the advantage of compatibility with mature complementary metal-oxide-semiconductor (CMOS) processing through which highly compact and low loss waveguides can be fabricated [2] , [3] . In addition, Si 3 N 4 has negligible two photon absorption (TPA) hence lower nonlinear losses making it an ideal candidate for on chip nonlinear photonics [4] , [5] . Different nonlinear devices have been demonstrated on an integrated Si 3 N 4 platform mainly for supercontinuum generation [6] - [8] and ultra broadband frequency comb generation [9] - [13] , all based on the third-order Kerr optical nonlinearity.
Although stoichiometric Si 3 N 4 has proven to be an excellent candidate for on chip nonlinear photonics, its nonlinear refractive index is lower compared to other materials of interest such as silicon-on-insulator (SOI) or silicon-rich silicon nitrides [5] . Having lower nonlinear index raises the need for tight confinement of light within the waveguide in order to enhance optical intensity and ultimately increase the nonlinear coefficient which determines the extent of nonlinear interactions. Additionally, the efficiency of frequency conversion resulting from those interactions is also highly dependent on the phase matching condition. It has been shown that the simplest way to achieve phase matching is through engineering of the group velocity dispersion (GVD) of the waveguide, such that the phase shift resulting from dispersion balances with that arising from nonlinear interactions [14] . The requirement is to have anomalous and low GVD parameter over a wide range of wavelengths. However, the overall GVD is dependent not only on waveguide geometry but also on material dispersion. Therefore, the choice of material limits the overall GVD parameter. For stoichiometric Si 3 N 4 the typical waveguide GVD is normal over the most part of telecommunication bands unless thicker waveguides of at least 720 nm are employed [15] . Fabricating such thicker low-loss waveguides through low-pressure-(LP-) or plasma-enhanced (PE-) chemical vapor deposition (CVD) is challenging due to cracks in the Si 3 N 4 film induced by stress. Different fabrication techniques have been proposed to overcome this problem such as the damascene reflow process [16] , [17] and the twist-and-grow scheme where Si 3 N 4 deposition is carried out in steps while rotating the wafer (45 • ) midway [18] . Although these processes have proven to be effective in meeting the end goal, they also introduce undesired complexities into the fabrication process. Furthermore, the resulting Si 3 N 4 waveguides have large core cross-sections, thus are highly multi-mode, which may be detrimental for implementing various linear or active optical functionalities on the same platform.
Tellurium oxide (TeO 2 ) has recently received quite some attention as material of interest for active functionalities monolithically integrated in silicon photonics devices [19] - [21] . TeO 2 has slightly higher linear refractive index (n) than that of Si 3 N 4 enabling fabrication of highly compact waveguides. It has significantly higher nonlinear refractive index (n 2 ) and higher Raman gain coefficient than that of stoichiometric Si 3 N 4 [19] . TeO 2 has wide transparent window spanning from visible through the near-infrared (NIR) and into the mid-infrared. Similar to Si 3 N 4 , TeO 2 also has negligible two photon absorption. Furthermore, TeO 2 has proven to be an excellent host of rare earth ions, exhibiting higher solubility with minimal quenching [22] . We have recently demonstrated a TeO 2 on Si 3 N 4 waveguide platform with low losses and which exploits the advantages of both materials, and shown amplification in both erbium-and thulium-doped TeO 2 -coated Si 3 N 4 waveguides [22]- [25] .
In this work we propose designs of Si 3 N 4 waveguides coated with TeO 2 layers of varying thicknesses that enhance the nonlinear coefficient and offer a straightforward approach to engineering GVD in thinner Si 3 N 4 waveguides, hence potentially avoiding the complex fabrication processes aforementioned. Our numerical results show that by varying the thickness of the TeO 2 coating we can tune the GVD parameter of Si 3 N 4 strip waveguides (with as low as 300 nm thickness) between the normal and anomalous regime and achieve anomalous dispersion that may cover up to a 0.8 µm wavelengths span. We calculate a nonlinear parameter in TeO 2 -coated Si 3 N 4 waveguides that is up to three times higher than that of typical stoichiometric Si 3 N 4 waveguides.
Material Properties and Waveguide Design
Our basic waveguide structure is shown in Fig. 1(a) , where h Si 3 N 4 , w Si 3 N 4 are height and width of Si 3 N 4 strip and h TeO 2 is the TeO 2 coating thickness. By varying h TeO 2 from zero, the proposed waveguide can be tuned from single to multi-mode. Such a waveguide can be fabricated by obtaining low thickness Si 3 N 4 waveguides from a standard CMOS foundry and then depositing a TeO 2 coating through a single step back end process [23] . The deposition is carried out using a radio frequency (RF) sputtering process, as described in [23] . The process is straightforward, low-cost and yields near stoichiometry TeO 2 layers which insures low propagations losses. Relevant to nonlinear optical devices, the TeO 2 coating can provide the additional height necessary to achieve anomalous GVD hence overcoming the need for thicker Si 3 N 4 waveguides. Further insight regarding measurements and calculations of both insertion and propagation losses can be gained by referring to our previous works on waveguide structures of similar design [22] , [23] . However, in the referred papers we reported waveguides of lower height than what we are proposing here. The differences in heights might lead to different levels of sidewall roughness and hence variations in losses. Minimizing the fiber-chip coupling and linear propagation loss while obtaining anomalous GVD will ultimately be critical in optimizing the nonlinear optical device performance for this design. Figure 1 (b) shows the material dispersion plot measured for bulk SiO 2 glass and Si 3 N 4 and TeO 2 thin films. The material dispersion values were calculated using both Sellmeier's and Cauchy's equations. Sellmeier coefficients for SiO 2 in (1) were obtained from reference [26] , Si 3 N 4 in (2) from reference [10] whereas Cauchy coefficients of TeO 2 in (3) were experimentally determined using ellipsometry.
Figures 1(c) and (d) show simulated mode profiles for waveguide with Si 3 N 4 strip dimensions of 1 µm x 0.4 µm and a 0.5-µm-thick TeO 2 coating, for transverse-electric (TE) and transversemagnetic (TM) polarized modes respectively. Table 1 shows a summary of measured nonlinear refractive indices for tellurite glasses with different compositions obtained from the literature. It should be noted that for some values in Table 1 only the third order nonlinear susceptibility had been measured by the respective reference source and we calculated its corresponding nonlinear refractive index according to the formula given in [27] . The values of n 2 reported in Table 1 varies depending on glass composition. The highest reported value is 3.21 × 10 -18 m 2 /W for 90% TeO 2 and 10% VO 2.5 compositions while the lowest value reported is 3.53 × 10 -19 m 2 /W for 70% TeO 2 , 20% ZnO, 5% Na 2 O and 5% Nb 2 O 5 compositions. These are all larger than the nonlinear refractive index of stoichiometric Si 3 N 4 of 2.4 × 10 -19 m 2 /W as reported in [28] . It can be deduced from these values that we can expect n 2 for tellurite glass thin films of various compositions at minimum one and half times that of stoichiometric Si 3 N 4 . With the right selection and concentration of metal oxide dopants the n 2 value of TeO 2 might 1 The n 2 value was calculated from measured linear refractive index using BGO formula. 2 The n 2 value was extracted mathematically from nonlinear experiment. be increased up to 13 times that of Si 3 N 4 or more. In our work we chose to use a (χ 3 ) value that has been experimentally determined for pure TeO 2 using the third harmonic generation (THG) method [29] , then we calculated n 2 using the formula given in [27] , to be 1.3 × 10 -18 m 2 /W.
GVD Engineering
Nonlinear processes such as four wave mixing (FWM) involve generation of new frequencies with phase shifts introduced by both the third order nonlinear susceptibility and group velocity dispersion. For effective generation of new frequencies phase matching through anomalous GVD is required. Unfortunately for most optical materials the GVD parameter is normal at telecommunication wavelengths. For this reason, different techniques have been proposed to engineer GVD between the anomalous and normal regime for silicon-based photonic waveguide platforms including Si 3 N 4, SIO and silicon-rich nitrides. Such techniques involve modification of the waveguide geometry (height to width ratio) [39] , implementing multicore/cladding waveguide designs [8] , [40] ,or through spatial mode coupling [41] . Here we study numerically how we can engineer the GVD of our waveguides between normal and anomalous for TE and TM modes accounting for both the material and waveguide dispersion. We employ both techniques of geometric manipulations as well as a multicore waveguide structure. Adjusting the TeO 2 coating thickness modifies both the waveguide geometry and effective refractive index. Therefore, the GVD parameter can be controlled by tuning the TeO 2 coating thickness. The dispersion parameter (D) of a waveguide is calculated by (4);
where λ is wavelength, c is speed of light in vacuum and n eff is the effective refractive index. The effective refractive index is obtained by calculating the mode solution of a given waveguide. In this work we used a finite element method (FEM) eigen modesolver to find the mode profiles and effective refractive indices of different waveguide designs at wavelength from 1 µm to 2.2 µm. While solving the modes and effective indices we incorporated the contribution of the material dispersion in refractive indices of each material. Numerical simulations were carried out to determine the GVD parameter for different waveguide geometries and the corresponding results are shown in Fig. 2 and 3 . In Fig. 2 , Si 3 N 4 strip waveguides with fixed width of 1 µm and heights of 0.3 µm, 0.4 µm and 0.5 µm were simulated for waveguide dispersion. In all cases the thickness of TeO 2 coating was varied from 0 to 0.5 µm in 0.1 µm steps. In Figs. 2(a) and (b) the trend shows that increasing TeO 2 coating thickness shifts the GVD towards positive (anomalous) values. A similar trend can be observed in Figs. 2(c) and (d) . Anomalous dispersion is shown for the TE mode for TeO 2 coating thickness of 0.1 µm and a Si 3 N 4 layer thickness of only 0.4 µm with the latter considered to be the maximum thickness for crack-free LPCVD Si 3 N 4 layers [42] , [43] . However, after reaching a certain height further increase of the TeO 2 coating thickness does not make GVD more positive but rather shifts the zero-dispersion point toward higher NIR wavelengths. This trend is significant since many nonlinear applications involve pump and signals at these wavelengths. Figures 2(e ) and (f) show that for a 0.5-µm-thick uncoated Si 3 N 4 strip waveguide it is possible to obtain anomalous GVD, however the values are centered at wavelengths of 1.2 µm and 0.9 µm for the TE and TM modes, respectively, which are typically wavelengths of less interest. The significance of the TeO 2 coating as shown here is that it shifts the GVD toward telecommunication wavelengths as the coating thickness increases. Working with the crack-free Si 3 N 4 thickness of 0.4 µm, in Fig. 3 we show dispersion profiles for various Si 3 N 4 strip widths and fixed 0.5 µm TeO 2 coating thickness, for TE (a) and TM mode (b). In both cases it can be observed that increasing widths make GVD parameter more positive as well as covering much broader wavelength span. However, wider waveguides result in a lower calculated nonlinear parameter, as will be shown in the next section.
Optimization of Nonlinear Parameter
The origin of nonlinear refractive index of optical materials is the third order susceptibility (χ 3 ) term of induced polarization as described in [44] , [45] . Its effects in optical waveguides are usually represented by the nonlinear parameter (γ ), defined as [44] , [45] ; here ω is frequency, c is speed of light in free space, A eff is effective mode area and n 2 is the nonlinear refractive index of a material. The nonlinear parameter depends on the wavelength of the incident light, effective mode area (A eff ) of a waveguide and nonlinear refractive index. In this work we demonstrate numerical optimization of the nonlinear parameter by increasing the effective nonlinear index of a waveguide and manipulating waveguide geometry for optimal core size. The former was achieved by ensuring a large portion of the propagating light is confined within the TeO 2 coating since it has higher n 2 and the latter was achieved by tuning the ratio of waveguide width and height to optimal values. It is intuitive that decreasing waveguide dimensions should increase the nonlinear parameter, however that trend only continues up to a certain optimal point and not continuously as pointed out in [46] . As the core size becomes smaller, eventually a larger percentage of the power propagates in the evanescent field increasing A eff and ultimately reducing γ . There should be a balance between core size and light confinement, and for a given material there are optimal core dimensions that give a maximum value of γ . In our numerical study we investigated various waveguide geometries for maximizing nonlinear interactions and the results are shown in Figs. 4 and 5. Through numerical simulations we obtained the effective mode areas and overlap fractions of light with each material within the optical mode. Then we carried out numerical calculations to determine the nonlinear parameter by solving the overlap integral given in [46] . The calculated nonlinear parameter for a waveguide with 1 µm Si 3 N 4 strip width with The plots show that for each combination of waveguide dimensions there is an optimal point at which γ is maximum. In both plots the bottommost (solid dark-gray) curve shows a γ value for stoichiometric Si 3 N 4 which agrees with previous values reported in literature [5] . The significance of the TeO 2 coating is shown in the plots where for each case of additional TeO 2 coating greater γ is obtained. Overall, the nonlinear parameter is increased up to three times that of stoichiometric Our numerical investigation reveal that there is a trade off between the wavelength span of anomalous dispersion and the nonlinear parameter calculated in relation to waveguide dimensions. Whereas wider waveguides result into much broader anomalous dispersion region, the nonlinear parameter tend to decrease with increase in widths. Also according to Kerr index values of tellurite glasses listed in Table 1 , the nonlinear parameter may vary significantly depending on what value (glass composition) is chosen. These two points are both summarized in Figs. 5(a) for TE mode and (b) for TM mode. In both figures we plotted values of γ versus n 2 picked from Table 1 (respective references are indicated in each plot) for three different waveguides of varying width with fixed Si 3 N 4 strip height of 0.4 µm and TeO 2 coating thickness of 0.5 µm. Although we have stated the enhancement of γ up to three time that of stoichiometric Si 3 N 4 , Fig. 5 shows that it might be increased further with tellurite glasses of different compositions.
Conclusion
Silicon nitride is a very attractive and well-developed material for nonlinear applications in silicon photonics. Yet challenges related to the complexity of fabrication of Si 3 N 4 waveguides based on the requirement for thicker Si 3 N 4 layers for nonlinear optical devices persist. In this work we have presented numerical results that compliment stoichiometric Si 3 N 4 by offering improvement in nonlinear parameter and a simple way of tailoring GVD in thinner Si 3 N 4 strip waveguides by addition of a TeO 2 top coating layer. The results show a higher nonlinear parameter compared to that obtained in stoichiometric Si 3 N 4 waveguides. Although the values obtained are lower compared to those obtained in silicon-rich nitrides or SOI [5] our designs offer the distinct advantages of lower linear losses [22] , [23] and negligible nonlinear TPA losses in both Si 3 N 4 and TeO 2 . Our expectations are that the presented designs will offer improved performance in nonlinear devices by having higher nonlinear coefficient, lower nonlinear losses, and anomalous GVD which altogether reduce the threshold power and improve the efficiency of nonlinear interactions for applications such as supercontinuum generation and broadband frequency comb generation. Furthermore, due to the high solubility of rare earth dopants in TeO 2 we expect that proposed waveguides will offer the possibility of integrating active rare-earth doped devices such as amplifiers and lasers with nonlinear optical devices in a single low loss CMOS compatible Si 3 N 4 platform.
